Abstract. It is shown that there are no non-trivial fifth-, seventh-, eleventh-, thirteenth-or seventeenth powers in the Fibonacci sequence.
Introduction
The Fibonacci sequence {F n } ∞ n=0 is defined by setting F 0 = 0, F 1 = 1 and, for n ≥ 2, by setting F n = F n−1 + F n−2 .
Cohn [1] and Wylie [10] proved independently, by elementary means, that the only squares in the Fibonacci sequence are F 0 = 0, F 1 = F 2 = 1 and F 12 = 144.
In [4] , London and Finkelstein used previous results on solutions to two diophantine equations to show that the only cubes in the Fibonacci sequence are F 0 = 0, F 1 = F 2 = 1 and F 6 = 8. In [7] , Pethő used linear forms in logarithms together with a computer search using congruence considerations to give an alternative proof of London and Finkelstein's result.
Pethő ([6] ) and Shorey and Stewart ( [8] ) proved independently that there are only finitely many perfect powers in any non-trivial binary recurrence sequence. In [5] Pethő states that if F m = x q , for some positive integers x and q, then q < 10 98 . In the same paper he also states that he used the same method that he used in [7] to show that the only fifth powers in the Fibonacci sequence are F 0 = 0 and F 1 = F 2 = 1.
In this paper the method outlined by Pethő in [7] is used as a starting point and then linear forms in logarithms together with the LLL algorithm are used to reprove the result for fifth powers and to prove that the only seventh-, eleventh-, thirteenth-or seventeenth powers in the Fibonacci sequence are F 0 = 0 and F 1 = F 2 = 1. An alternative method (to the usual exhaustive check of products of powers of fundamental units) is used to complete the search in the case of eleventh, thirteenth-and seventeenth powers.
It is envisaged that the same method can be used to decide the question of the existence of higher small prime powers in the Fibonacci sequence and that the method can be applied to search for prime powers in other binary reurrence sequences. The alternative method mentioned above may have wider applications.
Computations were performed using Magma, Mathematica and Pari-gp and were carried out on Sun ultra 5-and Sun ultra 10 computers.
Elementary Considerations
It is easy to show that
Pethő, in [7] , gives the following lemma:
Hence it can be assumed that m is an odd prime. Suppose F m = x n and F m+1 = y, for some positive integers x, y and some prime n ≥ 5. Then y 2 − yx n − x 2n + 1 = 0, and regarding this equation as a quadratic in y and looking at its discriminant, it follows that 5x 2n − 4 = z 2 , for some positive integer z. Clearly z = 5v ± 1, for some positive integer v and thus that
It is clear that (x, v) = 1 and it is not difficult to show that x must be odd and v must be even. Looking at (2.1) in Z[ i ], where i = √ −1, it can further be shown that v ± 1 + 2iv has to be an nth power and that there exists integers A and B 1 such that
A has to be odd and B 1 has to be even (= 2B, say). Suppose n = 2m + 1. Comparing real and imaginary parts of the first equation in (2.2), it follows that
Assume f n (x) is irreducible (which can easily be proved for the cases examined: n = 5, 7, 11, 13 and 17) and let the roots be denoted θ 1 , · · · , θ n . Let θ i denote anyone of these roots. From (2.3) and (2.4) we have that
Hence A − θ i B is a unit in Q(θ i ). For the cases examined it turns out that f n (x) has all its roots real and that the rank of the group of units is n − 1.
1
Denote a set of fundamental units in Q(θ i ) by ǫ
n−1 and let β i := A − θ i B. Then there exists integers u 1 , · · · , u n−1 such that
Let U = max 1≤k≤n−1 |u k |. We next find an initial bound on U .
Finding an initial bound on the exponents of the fundamental units
Suppose j is such that |β j | = min 1≤i≤n |β i | and let K = Q(θ j ). Define the following numbers:
It is also assumed that
1 It may be easy to show that fn(x) is irreducible for all primes n and, using Sturm's Theorem, that fn(x) has all real roots for every prime n, in which case the rank of the unit group is n − 1 for all prime n. However, this is not examined here.
For i = j, we have that
This implies that
Similarly, it follows from (3.2) that
where c 4 = c 3 + c 1 /(4c 2 ). Using (3.3), (3.2) and (3.5), it follows that | log |β i || ≤ c 5 log |B|, (3.6) where
{| log |β it ||} ≤ c 6 log |B|,
From the definition of the β i 's, (3.1), (3.3) and (3.4), it follows that
From (3.9) and(3.10), it follows that
The last inequality follows, in the case Λ > 0, from (3.10), (3.9) and the fact that e x − 1 > x, for x > 0. In the case Λ < 0, we also use (3.11). Note that Λ = 0, or else the right side of (3.9) is zero, implying, on the left side of (3.9) , that either θ j is rational, or θ l = θ k . However, both of these are impossible, since θ j is algebraic of degree n, and f n (x) has distinct roots.
Combining this last inequality for |Λ| with (3.7) it follows that
Next, the following theorem of Baker and Wűstholz ( [2] ) gives an upper bound on 1/|Λ| : Theorem 1. Denote by α 1 , · · · , α n algebraic numbers, not 0 or 1, by log α 1 , · · · , log α n determinations of their logarithms, by d the degree over Q of the number field Q(α 1 , · · · , α n ) and by b 1 , · · · , b n rational integers, not all 0 and let B = max{|b 1 |, · · · , |b n |, e 1/d }.
Define
, where h(α) denotes the absolute logarithmic Weil height of α. Assuming the number Λ = b 1 log α 1 + · · · + b n log α n does not vanish, then
Here
where the minimal polynomial of α has leading coefficient a 0 and α = α 1 , · · · , α s are the conjugates of α.
In our application, it can be seen from (3.8) that n has the same meaning as previously, that
Since γ i is a unit its minimal polynomial has its leading coefficient a 0 = 1 and since f n (x) has all real roots, |γ r i | = ±γ r i .
and suppose the minimum polynomial of δ jkl is g(x). The conjugates of δ jkl are bounded by c 2a . For small primes n the Galois group associated to the polynomial f n (x) can be determined using a computer Algebra system like Magma. Let p(x) = (x − δ rst )(θ r − θ t ) where the product is taken over all conjugates
For low values of n, p(x) can be calculated numerically and g(x) and thus d g = degree(g(x)) and a 0 can be determined explicitly. In fact, for the cases examined, d g = n(n − 1) and a 0 = 2 2(n−1) . Then
For the values of n examined, D = n(n − 1).
Let C(n, D) be as defined in the theorem. Then
n(n−1) +log c 2a ). Combining this inequality with (3.14) it follows that c n
If it is assumed that |U | ≥ 4 then
Thus an upper bound can be found for U . Denote this upper bound by K 3 . This bound is generally too large to enable the remaining cases to be tested so it is next reduced, using the LLL algorithm.
Reducing the bound
To reduce the bound a version of the LLL algorithm is applied, as outlined in the paper of Tzanakis and De Weger [9] . Using the notation of their paper: Let
where the a i 's are integers and the µ's and δ are real, with δ = 0. Let A = max 1≤i≤q |a i |. K 1 , K 2 and K 3 are positive numbers satisfying
Choose c 0 = σ 1 K q 3 where σ 1 > 1. Consider the lattice Γ associated with the matrix
Find a reduced basis b 1 , . . . , b q for this basis and let B be the matrix associated with this basis.
Let ||y|| denote the distance from y to the nearest integer.
Then every solution of (4.1) satisfying (4.2) satisfies
From (3.14), this proposition can be applied with a r = u r , for 1 ≤ r ≤ n − 1, and
Once a new lower bound is found the proposition is then applied again by now setting
) and this is repeated until the bound is reduced as far as possible.
Completing the Search
Once K 3 has been reduced as much as the LLL algorithm will allow, a computer search is done of products of powers of the fundamental units, with these powers bounded by this final value of K 3 , as on the right hand side of (2.5), to see if any of these products have the form of the left side of (2.5). However, see later for the cases n = 11,13 and 17.
Remark: These calculations have to be carried out for each value of jin other words all of the c i 's, apart from c 2 are dependent on the choice of j.
These theoretical results are now applied for n = 5, 7, 11, 13 and 17.
6. Small prime powers in the Fibonacci sequence
Remark: As noted above, most of the c i depend on the choice of j and hence are given as vectors (the first component being the value got by letting j = 1 and so on). For a fixed j, k is chosen to be j + 1 mod n and l is chosen to be j + 2 mod n. In what follows, θ denotes a root of f n (x).
1)The case n = 5: D = 20 and Initially, K 3 = {10 34 , 10 34 , 10 34 , 10 34 , 10 34 }, and eventually K 3 = {11, 12, 10, 10, 8}. Finally, a check on products of powers of fundamental units, with the power being bounded in absolute value by 12 shows that there are no fifth powers in the Fibonacci sequence other than the trivial ones.
2)The case n = 7: D = 42 and
The zeroes of f 7 (x) are Remark: A set of fundamental units for the cases n = 11, 13 and 17 are not included here because they are so large. However, they can be found in Appendix I. They can also be easily generated in pari-gp. For n = 11, the following code produces a set of fundamental units:
3)The case n = 11: D = 110 and Checking all products of powers of ten independent units and with these powers being bounded absolutely by 47 would take some time but there is a much quicker way, which is now described. The same method is applied for n = 13 and 17.
Let p = More efficiently, one can use the standard trick that if an eleventh power exists, it must be an eleventh power residue modulo every prime. Choose, say, ten primes p 1 , · · · , p 10 ≡ 1( mod 11) and calculate the eleventh power residues in each case. Using the fact that F i+3 = 3F i+1 − F i−1 (it being necessary to consider F j for j odd) and working modulo each of the ten primes in parallel, it is a matter of seconds to check up j = 75913 for eleventh powers (by checking if F j mod p i is an eleventh power residue for p i , for each i). A check shows that F j is not a seventeenth power in the range 3 ≤ j ≤ 616986.
Conclusion
The same method could be used to extend the results about prime powers in other binary recurrence sequences, in particular the Lucas sequence. It is possible the alternative method used to overcome the problems of have a large number of independent units and a large bound on their exponents may be applied in other situations.
8. Appendix I : Fundamental Units in Q(θ) for the cases n = 11, 13 and 17.
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